Abstract. The jump of the Milnor number of an isolated singularity f 0 is the minimal non-zero difference between the Milnor numbers of f 0 and one of its deformation pfsq. In the case fs are non-degenerate singularities we call the jump non-degenerate. We give a formula (an inductive algorithm using diophantine equations) for the non-degenerate jump of f 0 in the case f 0 is a convenient singularity with only one pn´1q-dimensional face of its Newton diagram which equivalently (in our problem) can be replaced by the BrieskornPham singularities.
Introduction
Let f 0 : pC n , 0q Ñ pC, 0q be an (isolated) singularity, i.e. f 0 is the germ at 0 of a holomorphic function having an isolated critical point at 0 P C n , and 0 P C as the corresponding critical value. More specifically, there exists a representativê f 0 : U Ñ C of f 0 holomorphic in an open neighborhood U of the point 0 P C n such that:
where p∇f s q is the ideal in O n generated by Bf s {Bz 1 , . . . , Bf s {Bz n .
Since the Milnor number is upper semi-continuous in the Zariski topology [8, Prop. 2 .57 in Chap. II], there exists an open neighborhood S of the point 0 P C such that ‚ µ s " const. for s P Szt0u, ‚ µ 0 ě µ s for s P S. The (constant) difference µ 0´µs for s P Szt0u will be called the jump of the deformation pf s q and denoted by λppf s qq. The smallest non-zero value among the jumps of all deformations of the singularity f 0 will be called the jump (of the Milnor number) of the singularity f 0 and denoted by λpf 0 q.
The first general result concerning the jump was S. Guseȋn-Zade's [9] , who proved that there exist singularities f 0 for which λpf 0 q ą 1 and that for irreducible plane curve singularities it holds λpf 0 q " 1. In [4] the authors proved that λpf 0 q is not a topological invariant of f 0 but it is an invariant of the stable equivalence of singularities. The computation of λpf 0 q is not an easy task. It is related to the problem of adjacency of classes of singularities. Only for few classes of singularities we know the exact value of λpf 0 q. For plane curve singularities (n " 2) in the X 9 class (see [1] for terminology) that is singularities of the form f a 0 px, yq :" x 4`y4à x 2 y 2 , a P C, a 2 " 4, we have λpf a 0 q " 2 (see [4] ) and for specific homogeneous singularities
where rxs is the integer part of x (see [5] ).
In the paper we consider a weaker problem: compute the jump λ nd pf 0 q of f 0 over all non-degenerate deformations of f 0 (i.e. the f s in deformations pf s q of f 0 are non-degenerate singularities). Clearly, we always have λpf 0 q ď λ nd pf 0 q. Up to now, this problem has been studied only for plane curve singularities by A. Bodin [3] , S. Brzostowski, T. Krasiński and J. Walewska [16] , [17] , [5] . We give a formula (more precisely an algorithm) in n-dimensional case for λ nd pf 0 q, where f 0 is non-degenerate, convenient and has its Newton diagram reduced to one pn´1q-dimensional face. Since for non-degenerate singularities f s of a deformation pf s q of f 0 the Milnor number µpf s q depends only on the Newton diagram of f s and not on specific coefficients of f s (see Section 2) we may restrict considerations to the class of the Brieskorn-Pham singularities
. . , n, where z " pz 1 , . . . , z n q.
Remark 2. Let us note that we compute non-degenerate jump of a singularity in a fixed system of coordinates. The reason is that non-degeneracy depends on coordinate system. For instance, for singularity f 0 px, yq " x 3`y3 , λ nd pf 0 q " 2 in the original system of coordinates while for L : x " x 1´y1 , y " y 1 , we have λ nd pf 0˝L q " 1.
The problem of finding a minimal non-degenerate jump of a singularity in arbitrary system of coordinates is open.
Non-degenerate singularities
In this Section we recall the notion of non-degenerate singularities. Let f 0 pzq " ř iPN n 0 a i z i be a singularity and supppf 0 q " ti P N n 0 : a i " 0u the support of f 0 . The Newton polyhedron Γ`pf 0 q Ă R n of f 0 is the convex hull of the set Ť iPsupppf0q pi` R ǹ q. The finite set of compact faces (of all dimensions) of the boundary of Γ`pf 0 q constitutes the Newton diagram of f 0 and is denoted by Γpf 0 q. The singularity f 0 is convenient if Γ`pf 0 q intersects all coordinate axes in R n . For each face S P Γpf 0 q we define a weighted homogeneous polynomial pf 0 q S pzq " ř iPS a i z i . We call the singularity f 0 non-degenerate on S P Γpf 0 q if the system of equations Bpf 0 q S {Bz i pzq " 0, i " 1, . . . , n has no solutions in pC˚q n . The singularity f 0 is non-degenerate if f 0 is non-degenerate on every face S P Γpf 0 q.
In the sequel we put the following notations for coordinate hyperplanes in R n . Let I " ti 1 , . . . , i k u Ă t1, 2, . . . , nu. We denote
For a convenient singularity f 0 we define the Newton number νpf 0 q of f 0 by νpf 0 q " n!V´n
where V is the n-dimensional volume under Γ`pf 0 q, V i is the pn´1q-dimensional volume under Γ`pf 0 q on the hyperplane tx i " 0u, V ij is the pn´2q-dimensional volume under Γ`pf 0 q on the hyperplane tx i " x j " 0u and so on. The importance of νpf 0 q has its source in the celebrated Kouchnirenko theorem.
if f 0 is non-degenerate then µpf 0 q " νpf 0 q.
Remark 3.
For non-convenient singularities the Kouchnirenko Theorem also holds provided νpf 0 q is appropriately defined (see for instance [6] ). It is interesting that both conditions of item 2. of the Theorem are equivalent in 2-dimensional case by A. Płoski [15] . For weaker non-degeneracy conditions equivalent to the equality µpf 0 q " νpf 0 q in n-dimensional case see recent preprint by P. Mondal [12] .
3. Non-degenerate jump of Milnor numbers of singularities
The set of all non-degenerate deformations of the singularity f 0 will be denoted by D nd pf 0 q. Non-degenerate jump λ nd pf 0 q of the singularity f 0 is the minimal of non-zero jumps over all non-degenerate deformations of f 0 , which means λ nd pf 0 q :" min
where by D nd 0 pf 0 q we denote all non-degenerate deformations pf s q of f 0 for which λppf s‰ 0.
Obviously Proposition 3.1. For each singularity f 0 we have the inequality λpf 0 q ď λ nd pf 0 q. In investigations concerning λ nd pf 0 q we may restrict our attention to non-degenerate f 0 because the non-degenerate jump for degenerate singularities can be found using the proposition below (cf. Proof. This follows from the fact that a generic small perturbation of coefficients of these monomials of f 0 which correspond to points belonging to Ť Γpf 0 q (which are finite in number) give us non-degenerate singularities with the same Newton polyhedron as f 0 . l A crucial role in the search for the formula for λ nd pf 0 q will be played by the monotonicity of the Newton number with respect to the Newton polyhedron. Namely, J. Gwoździewicz [10] , M. Furuya [7] and C. Biviá-Ausina [2] proved. Theorem 3.5 (Monotonicity Theorem). Let f 0 ,f 0 P O n be two convenient singularities such that Γ`pf 0 q Ă Γ`pf 0 q. Then νpf 0 q ě νpf 0 q.
From the Kouchnirenko Theorem we get
We need a stronger version of the above theorem in the particular case f 0 has only one pn´1q-dimensional face andf 0 differs from f 0 in one monomial. If i does not lie on any coordinate hyperplane tx i " 0u then Γ`pf 0 q and Γ`pf i 0 q are identical on all these hyperplanes (see Figure 1(a) ) and hence νpf 0 q´νpf i 0 q " n! volp∆pi, P 1 , . . . , P ną 0, where ∆pi, P 1 , . . . , P n q is the n-dimensional simplex with vertices i, P 1 , . . . , P n . Figure 1 . Possible cases in dimension three.
Take now a lattice point i " 0 under Γ`pf 0 q which lies on a coordinate hyperplane. For simplicity we may assume i P Ox 1 . . . x n´1 i.e. i " pi 1 , . . . , i n´1 , 0q. Two possible cases in dimension three are illustrated in Figure 1 and n f i 0 pzq :" n f 0 pzq`z i but taken with opposite signs. So, the sum of this differencies is equal to´pνp n f 0 q´νp n f i 0 qq. Now we consider differencies in coordinate hyperplanes which contain the axis Ox n . Each such difference in a coordinate hyperplane Ox i1 . . . x i k x n is a pyramid whose base is equal to the difference, say W , of Γ`pf 0 q and Γ`pf i 0 q in Ox i1 . . . x i k and the vertex is equal to P n " p0, . . . , 0, p n q. Hence, in νpf 0 q´νpf i 0 q this pyramid will give the term
But the latter expression is precisely the term in pνp n f 0 q´νp n f i 0 qqp n associated to the difference W . Together we get νpf 0 q´νpf i 0 q " pνp n f 0 q´νp n f i 0 qqpp n´1 q. Since p n ą 1 and by induction hypothesis νp n f 0 q´νp n f i 0 q is positive, we get the assertion of the theorem. l
Now we define specific non-degenerate deformations of a convenient and nondegenerate singularity f 0 P O n (in particular for Brieskorn-Pham singularities). Denote by J the set of lattice points (points with integer coordinates) i " 0 lying under the Newton diagram of f 0 i.e. 0 " i P N n 0 zΓ`pf 0 q. Obviously, J is a finite set. For i " pi 1 , . . . , i n q P J we define the monomial deformation pf Proof. See [11] or [13, Appendix] . l
Combining the Monotonicity Theorem with the above proposition we reach the conclusion that in order to find λ nd pf 0 q it is enough to consider only the nondegenerate deformations of the type pf i s q. Theorem 3.8. If f 0 is a convenient and non-degenerate singularity such that the Newton diagram Γpf 0 q has only one pn´1q-dimensional face, then
Proof. By the Kouchnirenko theorem it suffices to consider non-degenerate deformations of f 0 of the form
where a i psq are holomorphic at 0 P C and a i p0q " 0. Then by the Monotonicity Theorem and Theorem 3.6 we may restrict the scope of deformations (2) to deformations with only one term added i.e. to the deformations pf i s q for i P J. l
An algorithm for the non-degenerate jump of Brieskorn-Pham singularities
In this Section we give an algorithm for calculating λ nd pf 0 q for a non-degenerate and convenient singularity with one pn´1q-dimensional face of its Newton diagram. By Corollary 3.3 we may assume that f 0 is a Brieskorn-Pham singularity
We have µpf 0 q " 
. . , n. Let i " 0 be a lattice point under Γ`pf 0 q lying in the hyperplane tx k " 0u. Then
The proof follows the line of the proof of Theorem 3.6. For simplicity of notations we take k " n, i.e. i " pi 1 , . . . , i n´1 , 0q. Since λppf i s" νpf 0 q´νpf i s q, s " 0, by definition of the Newton number the difference νpf 0 q´νpf i s q is equal to the sum of volumes of differences of Γ`pf 0 q and Γ`pf i s q on all hyperplanes Ox i1 . . . x i l multiplied by p´1q n´l l! pi 1 , . . . , i l are different and l " 1, . . . , nq. Similarly as in the proof of Theorem 3.6 we divide all differencies in hyperplanes into two kinds: in those hyperplanes which do not contain the axis Ox n and those which do contain the axis Ox n . The sum of the first ones is equal to the number´λpp n f i swhile the second ones λpp n f i s qqp n . Together we get equality (4) for k " n. l
Now we present an inductive algorithm for λ nd pf 0 q where f 0 is any BrieskornPham singularity 2, i " 1, . . . , n with respect to the number of variables n. In each step we give the formula for λ nd pf 0 q and simultaneously the point i P J (precisely the deformation pf i s q) realizing this jump. For n " 1 we have f 0 pz 1 q " z p1 1 , p 1 ě 2 and J " t1, 2, . . . , p 1´1 u. We have λ nd pf 0 q " 1 and the point i " pp 1´1 q realizes this jump. Assume that for all Brieskorn-Pham singularities f 0 in pn´1q-variables we can compute λ nd pf 0 q and can indicate the point i realizing this jump. Take the Brieskorn-Pham singularity f 0 pzq " z p1 1`. . .`z pn n , p i ě 2, n ě 2, in n variables. By Theorem 3.8 we have to compare the jumps of all monomial deformations pf i s q, where i " 0 is a lattice point lying under Γ`pf 0 q. A. First we consider points i " 0 lying in coordinate hyperplanes of dimension pn´1q. By induction hypotheses on each coordinate hyperplane Ox 1 . . . x k´1 x k`1 . . . x n there exists a point i k realizing non-degenerate jump of the truncated singularity
By the Lemma 4.1 the jump of the deformation pf . . x k´1 x k`1 . . . x n , k " 1, . . . , n, we get that the minimum of the jumps of monomial deformations associated to points lying in these hyperplanes is equal to
Denote this number by λ hyp .
B. Now we consider monomial deformations of f 0 associated to points i " 0 under Γ`pf 0 q not lying in coordinate hyperplanes i.e. lying in the interior of the simplex ∆pP 0 , P 1 , . . . , P n q, where P 0 " p0, . . . , 0q, P 1 " pp 1 , 0, . . . , 0q,. . ., P n " p0, . . . , 0, p n q. Such a point i " pi 1 , . . . , i n q satisfies the conditions:
For such a point i we obviously have λppf i s" n! volp∆pi, P 1 , . . . , P n" p 1 . . . p n´i1 p 2 . . . p n´. . .´i n p 1 . . . p n´1 . This follows from the fact that volp∆pP 0 , . . . , P n" p 1 . . . p n n! and volp∆pP 0 , . . . , P k´1 , i, P k`1 , . . . , P n" If we denote p
. , n, then we reduce the problem to find integer solutions i 1 , . . . , i n´1 , r i n of the equations
Then for such a minimal l 0 P t1, . . . , λ hyp´1 u for which the solution of (7) with conditions exists we have λ nd pf 0 q " l 0 .
We give a simple algorithm (using only Euclid's algorithm) to solve the equation (7) with conditions (8) only in the case GCDpp i , p j q " 1, i, j " 1, . . . , n, i " j.
In general case we also may compute λ nd pf 0 q but modulo finding solutions of (7) satisfying (8) .
Assume f 0 " z p1 1`. . .`z pn n , p i ě 2, GCDpp i , p j q " 1, for i " j. First we consider the equation (7) for l " 1. Since p 1 , . . . , p n are pairwise prime therefore GCDpp If i 1 n ě p n then we claim there is no solution to our problem for l " 1. Assume to the contrary that j 1 , . . . , j n is such a solution i.e. . But p 1 is relatively prime to p 2 , . . . , p n . Hence p 1 |pj 1´i1 q. But |j 1´i1 | ă p 1 which implies j 1 " i 1 . Similarly j 2 " i 2 , . . . , j n´1 " i n´1 . This implies i 1 n " p n´jn ă p n , which contradicts our supposition i 1 n ě p n . So in this case λ nd pf 0 q ą 1 and we repeat our considerations for l " 2 etc. up to λ hyp´1 . If in one of this steps we find solutions i 1 , . . . , i n of (7) satisfying conditions (8) we stop the procedure and in this case λ nd pf 0 q " l and the monomial
